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DESINGULARIZATION OF SINGULAR RIEMANNIAN
FOLIATION
MARCOS M. ALEXANDRINO
Abstract. Let F be a singular Riemannian foliation on a compact Riemann-
ian manifold M . By successive blow-ups along the strata of F we construct
a regular Riemannian foliation Fˆ on a compact Riemannian manifold Mˆ and
a desingularization map ρˆ : Mˆ → M that projects leaves of Fˆ into leaves of
F . This result generalizes a previous result due to Molino for the particular
case of a singular Riemannian foliation whose leaves were the closure of leaves
of a regular Riemannian foliation. We also prove that, if the leaves of F are
compact, then, for each small ǫ > 0, we can find Mˆ and Fˆ so that the desingu-
larization map induces an ǫ-isometry between M/F and Mˆ/Fˆ . This implies
in particular that the space of leaves M/F is a Gromov-Hausdorff limit of a
sequence of Riemannian orbifolds {(Mˆn/Fˆn)}.
1. Introduction
In this section, we recall some definitions and state our main results as Theorem
1.2, Theorem 1.5 and Corollary 1.6.
We start by recalling the definition of a singular Riemannian foliation (see the
book of Molino [10]).
Definition 1.1 (s.r.f). A partition F of a complete Riemannian manifold M by
connected immersed submanifolds (the leaves) is called a singular Riemannian fo-
liation (s.r.f for short) if it verifies condition (1) and (2):
(1) F is a singular foliation, i.e., the module XF of smooth vector fields on M
that are tangent at each point to the corresponding leaf acts transitively on
each leaf. In other words, for each leaf L and each v ∈ TL with footpoint
p, there is X ∈ XF with X(p) = v.
(2) Every geodesic that is perpendicular at one point to a leaf is horizontal,
i.e., is perpendicular to every leaf it meets.
Typical examples of s.r.f are the partition by orbits of an isometric action, by
leaf closures of a Riemannian foliation (see Molino [10]), examples constructed by
suspension of homomorphisms (see [1, 2]), examples constructed by changes of
metric and surgery (see Alexandrino and To¨ben [3]), isoparametric foliations on
space forms (some of them with inhomogeneous leaves as in Ferus, Karcher and
Mu¨nzner [7]) and partitions by parallel submanifolds of an equifocal submanifold
(see Terng and Thorbergsson [13]).
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Let F be a singular Riemannian foliation on a complete Riemannian manifold
M. A leaf L of F (and each point in L) is called regular if the dimension of L
is maximal, otherwise L is called singular. The union of the leaves having the
same dimension is an embedded submanifold called stratum and in particular the
minimal stratum is a closed submanifold (see Molino [10]).
We are now able to state our main result.
Theorem 1.2. Let F be a singular Riemannian foliation of a compact Riemannian
manifold (M, g), Σ the minimal stratum of F (with leaves of dimension k0) and
Tubr(Σ) the geometric tube over Σ of radius r. Then, by blowing up M along Σ,
we have a singular Riemannian foliation Fˆr (with leaves of dimension greater then
k0) on a compact Riemannian manifold (Mˆr(Σ), gˆr) and a map πˆr : Mˆr(Σ) → M
with the following properties:
(a) πˆr projects each leaf of Fˆr into a leaf of F .
(b) Set Σˆ := πˆ−1r (Σ). Then πˆr : (Mˆr(Σ) − Σˆ, Fˆr) → (M − Σ,F) is a foliated
diffeomorphism and πˆr : Mˆr(Σ)−Tubr(Σˆ)→M −Tubr(Σ) is an isometry
(c) If a unit speed geodesic γˆ is orthogonal to Σˆ, then πˆr(γˆ) is a unit speed
geodesic orthogonal to Σ.
(d) πˆr|Σˆ : (Σˆ, gˆr)→ (Σ, g) is a Riemannian submersion. In addition (Σˆ, Fˆr|Σˆ, gˆr)
is a s.r.f and the liftings of horizontal geodesics of (Σ,F|Σ, g) are horizontal
geodesics of (Σˆ, Fˆr|Σˆ, gˆr).
Furthermore, by successive blow-ups, we have a regular Riemannian foliation Fˆ on
a compact Riemannian manifold Mˆ and a desingularization map ρˆ : Mˆ → M that
projects each leaf Lˆ of Fˆ into a leaf L of F .
The above theorem generalizes a result due to Molino [11] who proved items
(a) and (b) under the additional conditions that the leaves of F are the closure of
leaves of a regular Riemannian foliation.
Remark 1.3. In [14] To¨ben used the blow-up technique (on Grassmannian manifold)
to study equifocal submanifolds. Lytchak [9] generalized the blow-up introduced
by To¨ben and proved that a singular Riemannian foliations admits a resolution
preserving the transverse geometry if and only if it is infinitesimally polar.
Remark 1.4. Let F be a singular Riemannian foliation of a complete Riemannian
manifold (M, g). Suppose that the leaves of F are closed embedded. Then the
conclusion of Theorem 1.2 remains valid, if the tubular neighborhood Tubr(Σ) is
replaced by a F -invariant neighborhood V of Σ inM and the tubular neighborhood
Tubr(Σˆ) is replaced by the neighborhood πˆ
−1
r (V ) of Σˆ in Mˆr(Σ). In particular, by
successive blow-ups, we have a regular Riemannian foliation Fˆ on a complete Rie-
mannian manifold Mˆ and a desingularization map ρˆ : Mˆ → M that projects each
leaf Lˆ of Fˆ into a leaf L of F . This can be proved, following the proof of Theorem
1.2 and replacing Tubr(Σ) by the neighborhood V constructed in Proposition 2.18.
In the particular case of s.r.f with compacts leaves on a compact manifold, we
conclude that, for each small ǫ > 0, we can find Mˆ and Fˆ so that the desingular-
ization map induces an ǫ-isometry between M/F and Mˆ/Fˆ . In other words, we
have the next result.
Theorem 1.5. Let F be a singular Riemannian foliation on a compact Riemannian
manifold M . Assume that the leaves of F are compact. Then for each small positive
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number ǫ we can find a regular Riemannian foliation Fˆ with compact leaves on a
compact Riemannian manifold Mˆ and a desingularization map ρˆ : Mˆ → M with
the following property: if qˆ, pˆ ∈ Mˆ then
|d(Lq, Lp)− dˆ(Lˆqˆ, Lˆpˆ)| < ǫ
where p = ρˆ(pˆ) and q = ρˆ(qˆ).
The above result implies directly the next corollary (see appendix).
Corollary 1.6. Let F be a singular Riemannian foliation on a compact Riemann-
ian manifold M . Assume that the leaves of F are compact. Then for each small
positive number ǫ we can find a regular Riemannian foliation Fˆ with compact leaves
on a compact Riemannian manifold Mˆ so that dG−H(M/F , Mˆ/Fˆ) < ǫ, where dG−H
is the distance of Gromov-Hausdorff.
Remark 1.7. Recall that if Fˆ is a Riemannian foliation with compact leaves on a
complete Riemannian manifold Mˆ , then Mˆ/Fˆ is a Riemannian orbifold (see Molino
[10]). Therefore the above corollary implies that M/F is a Gromov-Hausdorff limit
of a sequence of Riemannian orbifolds {(Mˆn/Fˆn)}.
Remark 1.8. Theorem 1.5 and Corollary 1.6 remain valid if we assume that F
is a s.r.f on a complete Riemannian manifold such that the leaves of F are closed
embedded andM/F is compact. This can be proved using Remark 1.4 and following
the proof of Theorem 1.5.
This paper is organized as follows. In Section 2 we discuss some results from the
theory of s.r.f that are used in the proof of Theorem 1.2. In Section 3 and 4 we prove
Theorem 1.2 and Theorem 1.5 respectively. Finally, in Section 5 (appendix) we
recall some basic facts about Gromov-Hausdorff distance that imply that Corollary
1.6 follows from Theorem 1.5.
2. Properties of a s.r.f.
In this section we review some results and proofs of [10] and [4] that will be
needed to prove Theorem 1.2. We also present some new propositions.
We start by recalling equivalent definitions of regular Riemannian foliations.
Proposition 2.1 ([10]). Let F be a foliation on a complete Riemannian manifold
(M, g). Then the following statements are equivalent
(a) F is a Riemannian foliation.
(b) For each q ∈ M there exists a neighborhood U of q in M , a Riemannian
manifold (σ, b) and a Riemannian submersion f : (U, g)→ (σ, b) such that
the connected components of F ∩ U (plaques) are pre images of f.
(c) Set gT := A
∗g where Ap : TpM → νpL is the orthogonal projection. Then
the Lie derivative LXgT is zero for each X ∈ XF , where XF is the module
of smooth vector fields on M that are tangent at each point to the corre-
sponding leaf. In this case gT is called the transverse metric.
Throughout the rest of this section we assume that F is a singular Riemannian
foliation (s.r.f) on a complete Riemannian manifold M.
The first interesting result about s.r.f. is the so called Homothetic Transforma-
tion Lemma of Molino (see [10, Lemma 6.2]).
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By conjugating the homothetic transformations of the normal bundle νP of a
plaque P via the normal exponential map, one defines for small strictly positive
real numbers λ, a homothetic transformation hλ with proportionality constant λ
with respect to the plaque P.
Proposition 2.2 ([10]). The homothetic transformation hλ sends plaque to plaque
and therefore respects the singular foliation F in the tubular neighborhood Tub(P )
where it is defined.
The next two propositions contain some improvements of Molino’s results (com-
pare with Theorem 6.1 and Proposition 6.5 of [10]).
Proposition 2.3 ([4]). Let g be the original metric on M and q ∈M. Then there
exists a tubular neighborhood Tub(Pq) and a new metric g˜ on Tub(Pq) with the
following properties.
(a) For each x ∈ Tub(Pq) the normal space of the leaf Lx is tangent to the slice
Sq˜ which contains x, where q˜ ∈ Pq.
(b) Let π : Tub(Pq)→ Pq be the radial projection. Then the restriction π|Px is
a Riemannian submersion.
(c) F ∩Tub(Pq) is a s.r.f.
(d) The associated transverse metric is not changed, i.e., the distance between
the plaques with respect to g is the same distance between the plaques with
respect to g˜.
(e) If a curve γ is a geodesic orthogonal to Pq with respect to the original metric
g, then γ is a geodesic orthogonal to Pq with respect to the new metric g˜.
Proof. Let X1, . . . , Xr ∈ XF (i.e., vector fields that are always tangent to the
leaves) so that {Xi(q)}i=1,...,r is a linear basis of TqPq. Let ϕ1t1 , . . . , ϕrtr denote the
associated one parameter groups and define ϕ(t1, . . . , tr, y) := ϕ
1
t1 ◦ · · · ◦ ϕrtr where
y ∈ Sq and (t1, . . . , tr) belongs to a neighborhood U of 0 ∈ Rr. Then, reducing U
and Tub(Pq) if necessary, one can guarantee the existence of a regular foliation F2
with plaques P 2y = ϕ(U, y). We note that the plaques P
2
z ⊂ Pz and each plaque
P 2 cuts each slice at exactly one point. Using the fact that π|P 2y : P 2y → Pq is a
diffeomorphism, we can define a metric on each plaque P 2y as g˜
2 := (π|P 2y )∗g.
Now we want to define a metric g˜1 on each slice S ∈ {Sq˜}q˜∈Pq . Set Dp := νpL2p
and define Π : TpM → Dp as the orthogonal projection with respect to g. The fact
that each plaque P 2 cuts each slice at one point implies that Π|TpS : TpS → Dp
is an isomorphism. Finally we define g˜1 := (Π|TpS)∗g and g˜ := g˜1 + g˜2, meaning
that F2 and the slices meet orthogonally. Items (a) and (b) follow directly from
the definition of g˜.
To prove Item (c) it suffices to prove that the plaques of F are locally equidistant
to each other. Let x ∈ Sq˜, Px a plaque of F . We know that the plaques of F are
contained in the leaves of the foliation by distance-cylinders {C} with axis Px with
respect to g. We will prove that each C is also a distance-cylinder with axis Px
with respect to the new metric g˜. These facts and the arbitrary choice of x will
imply that the plaques of F are locally equidistant to each other.
First we recall that a smooth function f : M → R is called a transnormal
function with respect to the metric g if there exists a C2(f(M)) function b such
that g(grad f, grad f) = b ◦ f . According to Q-M Wang [15] there are at most two
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critical level sets of the transnormal function f and each regular level set of f is a
distance cylinder over them.
Let f : Tub(Px) → R be a smooth transnormal function with respect to the
metric g so that each regular level set f−1(c) is a cylinder C with axis Px, e.g.
f(y) = d(y, Px)
2. Let g˜rad f denote the gradient of f with respect to the metric g˜.
It follows from the construction of g˜ that
(2.1) g˜rad f = grad f + l
where l is a vector tangent to a plaque of F2 and in particular to a plaque of F .
Indeed, let v ∈ Dp and w := (Π|TpS)−1(v). Then
g(grad f, v) = df(v)
= df(w)
= g˜(g˜rad f, w)
= g˜1(g˜rad f, w)
= g(Πg˜rad f,Πw)
= g(Πg˜rad f, v)
We conclude from the arbitrary choice of v ∈ Dp, that grad f = Πg˜rad f, and
hence g˜rad f = grad f + l.
Equation (2.1) implies that f is a also a transnormal function with respect to
the metric g˜, i.e.,
(2.2) g˜(g˜rad f, g˜rad f) = b ◦ f,
Indeed,
g˜(g˜rad f, g˜rad f) = df(g˜rad f)
= df(grad f)
= g(grad f, grad f)
= b ◦ f
Using a local version of Q-M Wang’s theorem [15], we conclude that each regular
level set of f (i.e. C ) is a distance cylinder around Px with respect to the metric
g˜.
To prove item (d) we have to prove that the distance between the cylinder
C and the plaque Px is the same for both metrics. Let f be the transnormal
function (with respect to g) defined above. According to Q-M Wang [15] for k =
f(Px) and a regular value c we have d(Px, f
−1(c)) =
∫ k
c
ds√
b(s)
. Since f is also
a transnormal function with respect to g˜ (see equation (2.2)), we conclude that
d(Px, C) = d˜(Px, C), for C = f
−1(c).
Finally we prove item (e). We consider the transnormal function f above with
x = q. In this case, equation (2.1) and the fact that grad f ∈ Dp ∩ TpS imply
that grad f = g˜rad f . On the other hand, the integral curves of the gradient of a
transnormal function are geodesic segments up to reparametrization (see e.g. [15]).
Therefore the radial geodesics of Pq coincide in both metrics. This finishes the
proof.

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Proposition 2.4 ([4]). There exists a new metric g0 on Tub(Pq) with the following
properties:
(a) Consider the tangent space Tq˜Sq˜ with the metric g and Sq˜ with the metric
g0. Then expq˜ : Tq˜Sq˜ → Sq˜ is an isometry, for q˜ ∈ Pq.
(b) For this new metric g0 we have that F ∩ Sq˜ and F restricted to Tub(Pq)
are also s.r.f.
(c) For each x ∈ Tub(Pq) the normal space of the leaf Lx is tangent to the slice
Sq˜ which contains x, where q˜ ∈ Pq.
Remark 2.5. Clearly a curve γ which is a geodesic orthogonal to Pq with respect
to the original metric, remains a geodesic orthogonal to Pq with respect to the new
metric g0.
Now we briefly recall some properties about the stratification of M .
Proposition 2.6 ([10]). Each stratum is an embedded submanifold and a union of
geodesics that are perpendicular to the leaves.
With this result one can easily see that the induced foliation on each stratum is
a Riemannian foliation and that the restriction of the metric to the stratum is a
bundle-like metric. The observation that every geodesic perpendicular to a stratum
is perpendicular to the leaves allow us to adapt the argument of Proposition 2.2
and conclude the next result.
Proposition 2.7 ([10]). Let Σ be a singular stratum. Consider a tubular neigh-
borhood Tub(U) of a relatively compact open set U of Σ. Then the plaques of
F ∩Tub(U) are contained in the the cylinders of axis U . In addition, the foliation
is locally invariant by the homothetic transformations with respect to the stratum.
An important property of a s.r.f F is the so called equifocality of F . Roughly
speaking this means that the “parallel sets” of each leaf are leaves of F . In order to
make this concept precise, we need to recall the definition of foliated vector field.
Let L be a leaf of F , ΣL the stratum of L and XFΣ the module of smooth vector
fields on ΣL that are tangent at each point to the corresponding leaf. A vector field
ξ on ΣL is called foliated if for each vector field Y ∈ XFΣ the Lie bracket [ξ, Y ] also
belongs to XFΣ . If we consider a local submersion f which describes the plaques
of F|ΣL in a neighborhood of a point of L, then a normal foliated vector field is a
normal projectable/basic vector field with respect to f.
Remark 2.8. The Bott or basic connection ∇ of the foliation F|ΣL is a connection
of TΣ with ∇XY = [X,Y ]νF whenever X ∈ XFΣ and Y is vector field of the normal
bundle νF of the foliation. Here the superscript νF denotes projection onto νF .
A foliated vector field clearly is parallel with respect to the Bott connection. This
connection can be restricted to the normal bundle of a leaf.
Theorem 2.9 ([4] Equifocality of F). Let F be a s.r.f. on a complete Riemannian
manifold M . Then for each point p there exists a neighborhood U of p in Lp such
that
(1) For each normal foliated vector field ξ along U the derivative of the map
ηξ : U →M, defined as ηξ(x) := expx(ξ), has constant rank.
(2) W := ηξ(U) is an open set of Lηξ(p).
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Corollary 2.10 ([4]). Let Lp be a regular leaf with trivial holonomy and Ξ denote
the set of all normal foliated vector fields along Lp.
(1) Let ξ ∈ Ξ. Then ηξ : Lp → Lq is a covering map if q = ηξ(p) is a regular
point.
(2) F = {ηξ(Lp)}ξ∈Ξ, i.e., we can reconstruct the singular foliation by taking
all parallel submanifolds of the regular leaf Lp.
Corollary 2.11 ([4]). Let γ be a geodesic orthogonal to a leaf L and tangent to the
stratum ΣL. Then the points of γ that do not belong to ΣL are isolated on γ.
Remark 2.12. In [4] we only proved the equifocality of regular leaves. Nevertheless,
as can be easily checked, the same prove is valid for singular leaves, if one consider
foliated vector fields tangent to the stratum.
The equifocality of F and Proposition 2.7 imply the next result.
Proposition 2.13. Let F be a s.r.f, Σ the minimal stratum of F and q ∈ Σ. For
each x ∈ Pq, set Tx := expx(ν(Σ) ∩Bǫ(0)). Then there exists a neighborhood U of
q in Σ such that if a plaque P of F meets Tq, we have ∅ 6= P ∩ Sx ⊂ Tx for all
x ∈ U ∩ Pq.
Proof. Let β be a curve in P such that β(0) ∈ Tq and β(1) ∈ Sx. Let γ : [0, 1]→ Tq
be the minimal geodesic such that q = γ(1) to γ(0) = β(0). It follows from
Proposition 2.2 that γ|[0,1) is contained in the same stratum of β(0). Therefore we
can transport the horizontal geodesic γ with respect to the Bott connection along
β. Let ||βγ be this transported geodesic and note that ||βγ(t) ∈ Lγ(t) for t ∈ [0, 1].
First we will prove that ||βγ is orthogonal to Σ. Assume that this is not the case.
Since x is near to q we have that ||βγ is not tangent to Σ. Then, since ||βγ is not
orthogonal to Σ, there exists a piecewise horizontal geodesic α that joins Σ to β(1)
so that α coincides with ||βγ|[0,δ] and l(α) < l(||βγ), i.e., the length of α is lower
then the length of ||βγ. Note that α also belongs to the stratum that contains β(1)
and hence we can transport α with respect to the Bott connection along β−1. We
conclude that l(||β−1α) < l(γ), which contradicts the fact that γ is orthogonal to
Σ. Therefore ||βγ is orthogonal to Σ.
On the other hand, by the equifocality of F , we have that ||βγ(1) = x.
These two facts together imply that ||βγ ⊂ Tx and in particular that β(1) ∈ Tx.

We also need the next result due to Molino [10, Proposition 6.4], which we
reformulate as follows.
Proposition 2.14. Let F be a s.r.f. with respect to a metric g. Let g˜ be another
metric with following property: (Σ,F|Σ) is a Riemannian foliation with respect to
g˜, for each stratum Σ. Then F is a s.r.f with respect to g˜.
Proof. It suffices to prove the result in a neighborhood of a plaque Pq ⊂ Σr. Note
that the result is already true for the regular stratum. By induction, we can assume
that it is also true for ∪s>rΣs.
Let γ˜ be a segment of geodesic (with respect to g˜) that is orthogonal to the
plaque Pq at γ˜(0) = q.
First we consider the case when γ˜′(0) is not tangent to Σr.
Claim 1: Set U = Tub(Pq) ∩ (∪s>rΣs). Then γ˜ ∩ U is orthogonal to the leaves
that it meets.
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In order to prove Claim 1 set v˜0 := γ˜
′(0). Let V0 be the hyperplane orthogonal
to v˜0 relatively to g˜. Note that TqP ⊂ V0. Let v0 be a vector orthogonal to V0
relatively to g and γ0 the geodesic (relatively to g) with γ
′(0) = v0.
At first assume that v0 is not tangent to Σr.
Set Vt := Tγ(t)∂Tub(Pq) where ∂Tub(Pq) is a geometric cylinder of axis Pγ(q)
with respect to the original metric g. Since F is a s.r.f (with respect to g) we
have Pγ(t) ⊂ Vt. Now, for each t consider a segment of geodesic γ˜t (with respect
to g˜) such that γ˜t(0) = γ(t) and γ˜
′
t(0) is orthogonal to Vt relatively to g˜. Then
each geodesic γ˜t is orthogonal to the leaves of F relatively to g˜, because γ˜t ⊂ U,
Pγ(t) ⊂ Vt and F ∩ U is a s.r.f. Since γ˜t converges to γ˜, we conclude that γ˜ is
orthogonal to the leaves of F (relatively to g˜).
Now assume that v0 is tangent to Σr.
Consider a sequence of vectors {vi} that converges to v0 so that each vi is orthog-
onal to Pq (relatively to g) and vi is not tangent to Σr. Define V
i the hyperplane
orthogonal to vi (relatively to g). Since V
i converges to V0 we can define a sequence
of vectors {v˜i} orthogonal to V i (relatively to g˜) that converges to v˜0. Let γ˜i be
the geodesic (with respect to g˜) such that γ˜′i(0) = v˜i. It follows from the above
discussion that each geodesic γ˜i is orthogonal to the leaves of F (with respect to
g˜). Since {γ˜i} converges to γ˜ we infer that γ˜ is orthogonal to the leaves of F (with
respect to g˜) and this conclude the proof of Claim 1.
Claim 2: The segment of geodesic γ˜ meets Σr only at γ˜(0).
In order to prove Claim 2 assume that γ˜(t) ∈ U for 0 < t < 1. First note that
Pγ˜(t) is contained in an open set of a geometric cylinder of axis Pq. One can see
this using the fact that Claim 1 is valid for each geodesic perpendicular to Pq and
transversal to Σr. Then note that Pγ˜(t) is contained in an open set of a geometric
cylinder of axis Pγ˜(1). This follows from the equifocality of F ∩ U and from the
fact that Pγ˜(t) converges to Pγ˜(1). Now by the same argument used in the proof of
Proposition 2.2 we conclude that Pγ˜(1) is homothetic to Pγ˜(t) and hence has the
same dimension of Pγ˜(t). Therefore Pγ˜(1) is not contained in Σr and in particular
γ˜(1) does not belong to Σr.
Finally we consider the case when γ˜′(0) is tangent to Σr.
Claim 3: If γ˜ is a geodesic orthogonal to Pq and tangent to Σr, then γ˜ ⊂ Σr. In
particular, since (F ,Σr) is a Riemannian foliation, γ˜ is orthogonal to the plaques
that it meets.
Set B = Σr ∩ expq(νPq)∩Tub(Pq). In order to prove Claim 3 we will prove that
B = expq(TqΣr ∩ νqPq) ∩ Tub(Pq). Assume that B is not contained in Tub(Pq) ∩
expq(TqΣr ∩ νqPq). Then there exists a point x ∈ Σr and a geodesic γ˜ orthogonal
to Pq joining x to q such that γ˜ is not tangent to Σr. This contradicts Claim 2.
Therefore the submanifold B is an open set of the submanifold expq(TqΣr∩νqPq)∩
Tub(Pq). It is easy to check that B is closed in expq(TqΣr ∩ νqPq) ∩ Tub(Pq) and
hence B = expq(TqΣr ∩ νqPq) ∩ Tub(Pq).

One can adapt the proof of the above proposition to get the next technical result.
Proposition 2.15. Let F be a singular foliation on a Riemannian manifold (M, g)
with the following properties:
(a) Each stratum is a submanifold.
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(b) The sequence of plaques {Pxn} converges to Px when the sequence {xn}
converges to x.
(c) The restriction of F to each stratum is a Riemannian foliation.
(d) For each vector v that is not tangent to a stratum Σ there exists a curve
β : [0, ǫ)→M − Σ and a distribution t→ Vt along β such that
(d.1) Tβ(t)Pβ(t) ⊂ Vt,
(d.2) v is orthogonal to V0.
Then F is a s.r.f with respect to g.
We conclude this section constructing a metric g0 on a neighborhood of Σ with
properties similar to the properties of the metric defined in Proposition 2.4.
Lemma 2.16. Let F be a s.r.f on a complete Riemannian manifold M with metric
g and Σ the minimal stratum (with leaves of dimension k0). Then, for each q ∈ Σ
there exists a neighborhood Uα of q in Σ and metric g
0
α on Tubr(Uα) such that:
(a) F restrict to Tubr(Uα) is a Riemannian foliation with respect to g0α.
(b) There exists a smooth distribution H, whose dimension is equal to the codi-
mension of Lq, such that the normal space of each plaque of F|Tub(Uα) (with
respect to g0α) is contained in H.
(c) For x ∈ Uα, consider the tangent space TxSx with the metric g. Then
d(expx)ξ : (TξTxSx)→ Hexpx(ξ) is an isometry, where ξ ∈ νxΣ.
Proof. For ξ ∈ νx(Σ) setHexpx(ξ) := Texpx(ξ)Sx. Let F2 be the foliation constructed
in the proof of Proposition 2.3. Reducing Tubr(Uα) if necessary, note that the
plaques P 2z ⊂ Pz and each plaque P 2 cuts each slice at exactly one point. In
particular TP 2expx(ξ)
⊕Hexpx(ξ) = Texpx(ξ)M. On each TP 2expx(ξ) consider the metric
(g0α)
2 := (π|TP 2
expx(ξ)
)∗g, where π : Tubr(Uα)→ Σ is the radial projection. Define a
metric (g0α)
1 onHexpx(ξ) such that expx(TξTxSx)→ Hexpx(ξ) is an isometry. Finally
set g0α := (g
0
α)
1+(g0α)
2, meaning that F2 and the distribution H meet orthogonally.
Let P be a plaque and ΣP the stratum that contains P . It follows from Propo-
sition 2.13 that the transverse metric restrict to ΣP on P coincides with the trans-
verse metric constructed in Proposition 2.4. By Proposition 2.4 the Lie derivative
LX(g
0
α)T is zero. We can use the same argument to conclude that the Lie derivate
of the transverse metric (g0α)T along each other plaque of ΣP is also zero and hence,
by Proposition 2.1, F|Σ is a Riemannian foliation with respect to g0α. Therefore,
by Proposition 2.14, F is a singular Riemannian foliation with respect to g0α.

Proposition 2.17. Let F be a s.r.f on a compact Riemannian manifold (M, g)
and Σ the minimal stratum (with leaves of dimension k0). Then there exists a
neighborhood Tubr(Σ) of Σ and a metric g
0 on Tubr(Σ) such that:
(a) F restrict to Tubr(Σ) is a Riemannian foliation with respect to g0.
(b) There exists a smooth distribution H, whose dimension is equal to the codi-
mension of the leaves in Σ, such that the normal space of each plaque of
F|Tubr(Σ) (with respect to g0) is contained in H.
(c) For q ∈ Σ, consider the tangent space TqSq with the metric g. Then
d(expq)ξ : (TξTqSq)→ Hexpq(ξ) is an isometry, where ξ ∈ νqΣ.
Proof. Consider a open covering {Uα} of Σ by neighborhoods defined in Lemma
2.16 and a partition of unity φα subordinate to it. Set g
0 :=
∑
φαg
0
α.
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To prove that F is a s.r.f it suffices to prove that the plaques of F are locally
equidistant to each other. Let x ∈ Sq, Px a plaque of F . For a fixed metric g0α, we
know that the plaques of F are contained in the leaves of the foliation by distance-
cylinders {C} with axis Px with respect to g0α. We will prove that each C is also a
distance-cylinder with axis Px with respect to the new metric g
0. These facts and
the arbitrary choice of x will imply that the plaques of F are locally equidistant to
each other.
As we have recalled before, a smooth function f :M → R is called a transnormal
function with respect to the metric g if there exists a C2(f(M)) function b such
that g(grad f, grad f) = b ◦ f . According to Q-M Wang [15] there are at most two
critical level sets of the transnormal function f and each regular level set of f is a
distance cylinder over them.
Let f : Tub(Px) → R be a smooth transnormal function with respect to the
metric g0α, so that each regular level set f
−1(c) is a cylinder C with axis Px, e.g.
f(y) = d(y, Px)
2.
Claim 1 :
(1) C is a a distance-cylinder with axis Px with respect to each metric g
0
β.
(2) (grad f)0α = (grad f)
0
β , where (grad f)
0
α and (grad f)
0
β are the gradients
with respect to the metrics g0α and g
0
β.
(3) b := b0α = b
0
β .
In fact, (grad f)0α and (grad f)
0
β are orthogonal to C with respect to g
0
α and g
0
β. In
particular they are perpendicular to Py . We conclude that (grad f)
0
α and (grad f)
0
β
belong to Hy (see item (b) of Lemma 2.16). Since g
0
α|H = g0β|H (see item (c) of
Lemma 2.16), we conclude that (grad f)0α = (grad f)
0
β . This implies in particular
that b0α = b
0
β .
Claim 2 :
(1) f is a transnormal function with respect to g0.
(2) b0 = b.
In order to prove Claim 2, first note that (grad f)0 = (grad f)0α. In fact
g0((grad f)0α, V ) =
∑
β
φβg
0
β((grad f)
0
α, V )
=
∑
β
φβg
0
β((grad f)
0
β , V )
=
∑
β
φβdf(V )
= df(V )
= g0((grad f)0, V ).
Now we can see that f is a transnormal function with respect to g0.
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g0((grad f)0, (grad f)0) =
∑
β
φβg
0
β((grad f)
0
β, (grad f)
0
β)
=
∑
β
φβb ◦ f
= b ◦ f.
Using a local version of Q-M Wang’s theorem, we conclude that each regular
level set of f (i.e., C ) is a distance cylinder around Px with respect to the metric
g0.

The conclusion of the above result remains valid if M is a complete Riemannian
manifold and the leaves of F are closed embedded.
Proposition 2.18. Let F be a s.r.f on a complete Riemannian manifold (M, g)
and Σ the minimal stratum (with leaves of dimension k0). Assume that the leaves
of F are closed embedded. Then there exists a F-invariant neighborhood V of Σ
and a metric g0 on V such that:
(a) F restrict to V is a Riemannian foliation with respect to g0.
(b) There exists a smooth distribution H, whose dimension is equal to the codi-
mension of the leaves in Σ, such that the normal space of each plaque of
F|V (with respect to g0) is contained in H.
(c) For q ∈ Σ, consider the tangent space TqSq with the metric g. Then
d(expq)ξ : (TξTqSq)→ Hexpq(ξ) is an isometry, where ξ ∈ νqΣ.
Proof. We must find a F -invariant neighborhood V of Σ in M such that exp is
a diffeomorphism between a neighborhood of Σ in νΣ and the neighborhood V .
Then the rest of proof is analogous to the proof of Proposition 2.17 if one replaces
Tubr(Uα) by Tubr(Uα) ∩ V. In what follows we construct the neighborhood V .
Claim 1: For each L there exists a small r such that Tubr(L) is a geometric tube.
In order to prove Claim 1, consider a point x0 ∈ L. Since L is closed embedded
we can find r > 0 such that
• B2r(x0) ∩ L is a connected submanifold.
• For x ∈ (B2r(x0) ∩ L) − {x0} the set S2r(x) = expx(B2r(0) ∩ νxL) is an
embedded submanifold.
• Sr(x) ∩ Sr(x0) = ∅ for x ∈ (B2r(x0) ∩ L)− {x0}.
• L ∩ S2r(x0) = {x0}.
Let x ∈ L and ξ ∈ νxL with ‖ξ‖ < r. Set γ : t → expx(tξ). Then the choice
of r, the equifocality of F and the fact that the leaves of F are closed embedded
imply that γ : [0, 1 + ǫ)→ M is a minimal segment of geodesic. Hence γ(1) is not
conjugate to γ(0). This allow us to conclude that expx : Br(0) ∩ νxL → M is an
immersion. The choice of r, the equifocality of F and the fact that the leaves of
F are closed embedded also imply that the immersion expx : Br(0) ∩ νxL→M is
injective and that Sr(x) ∩ Sr(y) = ∅ if x 6= y. This finishes the proof of Claim 1.
It follows from Claim 1 that π :M →M/F is an open map.
By Proposition 2.13 and the same arguments of Claim 1 we can deduce the next
claim.
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Claim 2: For each L we can find a neighborhood UL ⊂ Σ of L and rL such that
TubrL(UL) is a geometric tube.
Set U := ∪L∈ΣTubrL(UL). Note that U is F -invariant and exp is a local diffeo-
morphism between a neighborhood U˜ of Σ in νΣ and U .
Now we define νΣ/F as the quotient of νΣ with the following relation. Consider
ξ1, ξ2 ∈ νΣ and set t → γi(t) = exp(tξi). We say that [ξ1] = [ξ2] if there exists
ǫ > 0 such that γ1(ǫ) and γ2(ǫ) are in the same leaf and one can transport γ1 to γ2
by parallel transport with respect to Bott connection.
Claim 2 implies that the projection πΣ : νΣ → νΣ/F restricted to a neigh-
borhood of Σ in νΣ is an open map. This fact and the fact that [tξ1] = [tξ2] if
[ξ1] = [ξ2] imply that πΣ : νΣ→ νΣ/F is an open map.
Define expF : νΣ/F →M/F as expF ◦πΣ = π ◦ exp. Since πΣ, π are open maps
and exp : U˜ → U is local diffeomorphism, we infer that expF : πΣ(U˜)→ π(U) is a
local homeomorphism.
Since Σ/F is closed, it follows from a classical result of topology (see Kosinski [8,
Lemma I.7.2]) that there exists a neighborhood V1 of Σ/F in νΣ/F and V2 of Σ/F
in M/F such that expF : V1 → V2 is a homeomorphism. Finally set V3 = π−1(V2)
and define V := V3 ∩ U.

3. Proof of Theorem 1.2
The construction of the desired metric gˆr on a blow-up space Mˆr(Σ) will require
several steps.
The first step is the construction of a metric g˜ on a neighborhood of Σ with
properties similar to the properties of the metric defined in Proposition 2.3.
Proposition 3.1. Let Σ be the minimal stratum (with leaves of dimension k0).
Then there exists a neighborhood Tubr(Σ) of Σ and a metric g˜ on Tubr(Σ) such
that:
(a) F restrict to Tubr(Σ) is a Riemannian foliation with respect to g˜.
(b) The associated transverse metric is not changed, i.e., the distance between
the plaques with respect to g is the same distance between the plaques with
respect to g˜.
(c) If a curve γ is a unit speed segment of geodesic orthogonal to Σ with re-
spect to the original metric g, then γ is a unit speed segment of geodesic
orthogonal to Σ with respect to the new metric g˜.
(d) There exists a smooth distribution H, whose dimension is equal to the codi-
mension of the leaves of F|Σ, such that the normal space of each plaque of
F|Tubr(Σ) (with respect to g˜) is contained in H.
(e) The restriction of the metric g˜ to the stratum Σ coincides to the restriction
of the original metric g to Σ.
Proof. First note that the proof of Proposition 2.3 works if we replace TP 2 by a
possible nonintegrable distribution P so that P is always tangent to the leaves.
Now consider the metric g0 and distribution H of Proposition 2.17 and define P
as the orthogonal space (with respect to g0) to H . Note that P is always tangent
to the leaves of F .
Using the fact that dπ|P : P → Pq is an isomorphism, we can define a metric on
P as g2 := (dπ)∗g.
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Let D be the normal distribution to P with respect to the original metric g and
define Π : TpM → Dp as the orthogonal projection with respect to g. Note that
Π|H : Hp → Dp is an isomorphism. We define g1α := (Π|H)∗g and g˜ := g1 + g2,
meaning that P and the distribution H meet orthogonally (with respect to g˜).
Finally we can repeat the same arguments of the proof of Proposition 2.3 to get
the desired result.

We come now to the second step of our construction, which is to change the
metric g˜ in some directions, getting a new metric gˆM on Tubr(Σ)− Σ.
First note that for small ξ ∈ νqΣ we can decompose Texpq(ξ)M as a direct sum
of orthogonal subspaces (with respect to the metric g˜ of Proposition 3.1)
Texpq(ξ)M = H
⊥
expq(ξ)
⊕H1expq(ξ) ⊕H
2
expq(ξ)
⊕H3expq(ξ),
where H⊥expq(ξ)
is orthogonal to Hexpq(ξ) and H
i
expq(ξ)
⊂ Hexpq(ξ) is defined below.
(1) H1expq(ξ)
is the line generated by ddt expq(tξ)|t=1.
(2) Set Tq = expq(ν(Σ) ∩ Bǫ(0)). Then H2expq(ξ) ⊂ Texpq(ξ)Tq and orthogonal
to H1expq(ξ)
.
(3) H3expq(ξ)
is orthogonal to Texpq(ξ)Tq.
Now we define a new metric gˆM on Tubr(Σ)− Σ as follows:
(3.1) gˆMexpq(ξ)(V,W ) := g˜(V⊥,W⊥) + g˜(V1,W1) +
1
‖ξ‖2 g˜(V2,W2) + g˜(V3,W3),
where Vi,Wi ∈ Hiexpq(ξ) and V⊥,W⊥ ∈ H
⊥
expq(ξ)
.
Proposition 3.2. F is a s.r.f on Tubr(Σ) − Σ with respect to gˆM . In addition if
γ : [0, a] → Tubr(Σ) is a unit speed geodesic orthogonal to Σ with respect to the
original metric g, then γ|(0,a] is a unit speed geodesic with respect to gˆM .
Proof. Let P be a plaque and ΣP the stratum that contains P . Note that if Y is
a foliated vector field along P tangent to ΣP and Hi at a point x, then it follows
from Proposition 2.13 that Y is always tangent to Hi and ΣP . Also note that
the function 1‖ξ‖2 is constant along P (see Proposition 2.7). These two facts and
Proposition 3.1 imply that the Lie derivative LX(gˆ
M )T is zero. We can use the
same argument to conclude that the Lie derivate of the transverse metric (gˆM )T
along each other plaque of ΣP is also zero and hence, by Proposition 2.1, F|Σ is a
Riemannian foliation with respect to gˆM . Therefore, by Proposition 2.14, F is a
s.r.f on Tubr(Σ)− Σ with respect to gˆM .
Now we prove that γ|(0,a] is a geodesic with respect to gˆM . It suffices to prove that
for each t0 ∈ (0, a] there exists ǫ > 0 such that γ[t0−ǫ,t0] is a geodesic. Suppose that
this is not true. Since γ is a horizontal geodesic with respect to g˜ (see Proposition
3.1) all the leaves Lγ(t) belong to the same stratum Σγ(a) for t ∈ (0, a]. Then
for small ǫ there exists a segment of horizontal geodesic (with respect to to gˆM )
β ⊂ Σγ(a) that joins Lγ(t0) to Lγ(t0−ǫ) and so that
lˆM (β) < lˆM (γ|[t0−ǫ,t0])
= l˜(γ|[t0−ǫ,t0]).
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where l˜(·) and lˆM (·) denote the length of the curve with respect to the metrics g˜
and gˆM . On the other hand,
l˜(γ|[t0−ǫ,t0]) < l˜(β)
≤ lˆM (β).
We arrived at a contradiction, and hence γ[t0−ǫ,t0] is a geodesic.

In the third step of our construction we pullback the metric gˆM to the blow-up of
Tubr(Σ) along Σ (denoted here by Nˆ) and then prove that the induced foliation Fˆ
on Nˆ is a s.r.f with respect to this new metric. We start by recalling the definition
of blow-up along a submanifold.
Proposition 3.3. Let Tubr(Σ) be the neighborhood of the minimal stratum Σ de-
fined in Proposition 3.1. Then
(a) Nˆ := {(x, [ξ]) ∈ Tubr(Σ) × P(νΣ)|x ∈ exp⊥(tξ)} is a smooth manifold
(called blow-up of Tubr(Σ) along Σ) and πˆ : Nˆ → Tubr(Σ), defined as
πˆ(x, [ξ]) = x is also smooth.
(b) Σˆ := πˆ−1(Σ) = {(ρ([ξ]), [ξ]) ∈ Nˆ} = P(νΣ), where ρ : P(νΣ) → Σ is the
canonical projection.
(c) There exists a singular foliation Fˆ on Nˆ so that πˆ : (Nˆ−Σˆ, Fˆ)→ (Tubr(Σ)−
Σ,F) is a foliated diffeomorphism.
Proof. The proofs of items (a) and (b) are standard. In order to prove item (c) one
can use the equifocality of F (see Theorem 2.9) and the same argument used for
blow-up of isometric actions (see Duistermaat and Kolk [6, Section 2.9]). 
Proposition 3.4. Consider the manifold Nˆ and the map πˆ : Nˆ → Tubr(Σ) defined
in Proposition 3.3. Then there exists a metric gˆ on Nˆ with the following properties:
(a) if a unit speed geodesic γˆ is orthogonal to Σˆ with respect to gˆ, then πˆ(γˆ) is
a unit speed geodesic orthogonal to Σ with respect to the original metric g.
(b) πˆ|Σˆ : (Σˆ, gˆ)→ (Σ, g) is a Riemannian submersion.
(c) (Nˆ , Fˆ , gˆ) is a s.r.f.
(d) (Σˆ, Fˆ|Σˆ, gˆ) is a s.r.f and the liftings of horizontal geodesics of (Σ,F|Σ, g)
are horizontal geodesics of (Σˆ, Fˆ |Σˆ, gˆ).
Proof. Since πˆ : Nˆ − Σˆ → Tubr(Σ) − Σ is diffeomorphism, we can define a metric
on Nˆ − Σˆ as gˆ := πˆ∗gˆM . We want to define a metric along Σˆ.
Let ξ be a vector of νΣ with ‖ξ‖=1. Consider the curve t→ γˆ(t) := (exp(tξ), [ξ])
on Nˆ and define the metric gˆ so that γˆ′(0) is orthogonal to Σˆ and gˆ(γˆ′(0), γˆ′(0)) = 1.
Note that a vector Vˆ[ξ] ∈ T[ξ]Σˆ is the radial projection on Σˆ of a vector Vt ∈
Tγˆ(t)πˆ
−1(∂Tubt(Σ)) and define gˆ(Vˆ[ξ], Wˆ[ξ]) := limt→0 gˆ(Vt,Wt).
Lemma 3.5. gˆ is well defined and smooth.
Proof. It is not difficult to check that gˆ is well defined. In order to prove that
gˆ is smooth we must find a smooth local frame {eˆi} in a neighborhood of a point
[ξˆ0] ∈ Σˆ = P(νΣ) and show that gˆ(eˆi, eˆj) is smooth. Set q0 := πˆ([ξˆ0]). Define smooth
linearly independent vector fields e1, . . . , ek orthogonal to the foliation {T } where
Tq := expq(ν(Σ)∩Bǫ(0)) for q ∈ Σ near q0. One can construct smooth vector fields
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eˆ1, . . . , eˆk in a neighborhood of [ξˆ0] such that dπˆeˆi = ei. This can be done using
local coordinates of Nˆ and Tubr(Σ) and the fact that for each smooth function
a with a(0, θ) = 0 we can find a smooth function b such that a(r, θ) = rb(r, θ).
We note that gˆxˆ(eˆi, eˆj) = gˆ
M
πˆ(xˆ)(ei, ej) = g˜πˆ(xˆ)(ei, ej) is smooth for 1 ≤ i, j ≤
k. Now one can find a smooth linearly independent vector fields eˆk+1, . . . , eˆn−1
in a neighborhood of [ξˆ0] such that dπˆeˆα = d(expq)rξ(rv
ξ
α) where v
ξ
α ∈ νqΣ is
orthogonal to ξ ∈ νqΣ and depends smoothly on ξ, which is near ξ0. We conclude
that gˆxˆ(eˆα, eˆβ) = g˜πˆ(xˆ)(d(expq)rξ(v
ξ
α), d(expq)rξ(v
ξ
β)) is smooth for k + 1 ≤ α, β <
n − 1. By construction, gˆ(eˆi, eˆα) = 0 for 1 ≤ i ≤ k and k + 1 ≤ α ≤ n − 1.
Finally one can define eˆn as a vector field such that dπˆeˆn is tangent to unit speed
geodesics orthogonal to Σ. It follows from the construction that gˆ(eˆn, eˆn) = 1 and
gˆ(eˆn, eˆj) = 0 for j 6= n.

Item (a) follows direct from Proposition 3.2 and item (b) is proved below.
Lemma 3.6. πˆ|Σˆ : (Σˆ, gˆ)→ (Σ, g) is a Riemannian submersion.
Proof. Let v ∈ TqΣ be a unitary vector with respect to g and recall that g|Σ = g˜|Σ.
Let γ be a geodesic orthogonal to Σ. Consider a unitary vector field t→ v(t) along γ
orthogonal to Tq = expq(νqΣ∩Bǫ(0)) (with respect to g˜) so that v(0) = v. Let γˆ be
the horizontal geodesic in Nˆ such that πˆ(γˆ) = γ and vˆ the vector field along γˆ such
that dπˆvˆ = v. Note that vˆ(0) is tangent to Σˆ and is orthogonal to πˆ|−1
Σˆ
(q). Finally
note that dπˆvˆ(0) = limt→0 dπˆvˆ(t) = v and gˆ(vˆ(0), vˆ(0)) = limt→0 gˆ(vˆ(t), vˆ(t)) =
1 = g(v). The last two equations imply the result. 
Item (c) is proved in the next lemma.
Lemma 3.7. Fˆ is a s.r.f on Nˆ with respect to gˆ.
Proof. Proposition 3.2 implies that Fˆ is a s.r.f on Nˆ − Σˆ. Hence we have to prove
that Fˆ is a s.r.f in a neighborhood of a point qˆ ∈ Σˆ. In what follows we will prove
that item (d) of Proposition 2.15 is satisfied.
The fact that Fˆ is a s.r.f on Nˆ − Σˆ, Proposition 2.15 and radial projection on
Cˆ := πˆ−1(∂Tubǫ(Σ)) imply that (Fˆ , Cˆ, gˆ) is a s.r.f. The fact that (Fˆ , Cˆ, gˆ) is a s.r.f
and the radial projection on Σˆ imply the next claim.
Claim 1: (Σˆ, Fˆ |Σˆ) is a s.r.f with respect to some metric.
Let gˆT be the transverse metric (restrict to a stratum of Σˆ). Note that the Lie
derivative LX gˆT is zero for each X ∈ XF tangent to Σˆ, because each stratum of
(Σˆ, Fˆ |Σˆ) is the intersection of the stratum of Fˆ with Σˆ and LX gˆT is zero outside
the manifold Σˆ. This fact, Claim 1 and Proposition 2.14 imply
Claim 2: (Σˆ, Fˆ |Σˆ, gˆ) is a s.r.f.
Consider a vector v ∈ TqˆNˆ orthogonal to Lˆqˆ. We also suppose that v is not
tangent to the stratum that contains qˆ. Let vΣˆ ∈ TqˆΣˆ so that v = vΣˆ + kγˆ′(0) (for
a real number k). Since v and γˆ′(0) are orthogonal to Lˆqˆ we conclude that
Claim 3: vΣˆ is orthogonal to Lˆqˆ.
Claims 2 and 3 together with the fact that vΣˆ is not tangent to the stratum (in
Σˆ) that contains qˆ imply
Claim 4: There exists a distribution t → Vt along a curve β ⊂ Σˆ that satisfies
Item (d.1) of Proposition 2.15 and so that vΣ is orthogonal to V0.
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Note that Item (d.2) of Proposition 2.15 is also satisfied, i.e., v is orthogonal to
V0, since V0 ⊂ TqˆΣˆ and vΣ is orthogonal to V0.
It is not difficult to check the other items of Proposition 2.15 and hence this
proposition guarantee that Fˆ is a s.r.f in a neighborhood of qˆ. 
In order to prove item (d) recall that we have already proved in Claim 2 of
Lemma 3.7 that (Σˆ, Fˆ |Σˆ, gˆ) is a s.r.f.
The fact that the distribution H⊥ is tangent to the leaves of F and the same
arguments of Lemma 3.5 and Lemma 3.6 imply that, for Lˆqˆ ⊂ Σˆ, there exists a
base eˆ1, . . . , eˆl of TqˆLˆqˆ such that
(1) eˆ1, . . . , eˆk ∈ νqˆπˆ−1(q) and dπˆeˆ1, . . . , dπˆeˆk is a basis of TqLq for q = πˆ(qˆ).
(2) eˆk+1, . . . , eˆl ∈ Tqˆπˆ−1(q).
Note that if αˆ is the lifting of a horizontal geodesic of (Σ,F|Σ, g), then αˆ′(0) is
orthogonal to eˆi for i = 1, . . . , l. Therefore αˆ is orthogonal to Lˆqˆ. Since (Σˆ, Fˆ |Σˆ, gˆ)
is a s.r.f, αˆ is a horizontal geodesic of (Σˆ, Fˆ |Σˆ, gˆ) and this finishes the proof of item
(d).

In the last step of our construction, we glue Nˆ with a copy of M −Tubr(Σ), and
hence we construct the space Mˆr(Σ) and the projection πˆr : Mˆr(Σ)→M of Theo-
rem 1.2. We can also induced the singular foliation Fˆr on Mˆr(Σ). This procedure
is analogous to the one used for blow-up of isometric actions (see Duistermaat and
Kolk [6, Section 2.9]).
We must define the appropriate metric gˆr on Mˆr(Σ). We need a partition of
unity of Mˆr(Σ) by 2 functions fˆ and hˆ such that
(a) fˆ = 1 in Tubr/2(Σˆ) and fˆ = 0 outside of Tubr(Σˆ).
(b) fˆ and hˆ are constant in the cylinders ∂Tubǫ(Σˆ) for ǫ < 2r.
With these 2 functions we can define gˆr := fˆ gˆ + hˆg and use Proposition 2.14
and item (c) of Proposition 3.4 to prove that Fˆr is Riemannian with respect to gˆr.
items (a) and (b) of Theorem 1.2 follow by construction. Item (c) of Theorem 1.2
follows from the fact that fˆ and hˆ are constant along the cylinders and from item
(a) of Proposition 3.4. Finally item (b) and (d) of Proposition 3.4 implies item (d)
of Theorem 1.2.
We conclude this section with a remark that will be useful in the next section.
Remark 3.8. Let βˆ : [0, a] → Mˆr(Σ) be a minimal segment of horizontal geodesic.
First assume that Lˆβˆ(0), Lˆβˆ(a) ⊂ Mˆr(Σ)− Σˆ. Then βˆ does not meet Σˆ. In addition,
(3.2) g˜r(dπˆr(βˆ
′(t)), dπˆr(βˆ
′(t))) ≤ gˆr(βˆ′(t), βˆ′(t)),
for the metric g˜r := f g˜+hg where f and h are defined as fˆ = f ◦ πˆr and gˆ = g ◦ πˆr.
Note that, by continuity, equation (3.2) is also valid if Lˆβˆ(0), Lˆβˆ(a) ⊂ Σˆ.
4. Proof of Theorem 1.5
In order to prove Theorem 1.5 it suffices to prove the next result.
Proposition 4.1. Let F be a singular Riemannian foliation with compact leaves on
a compact Riemannian manifold (M, g) and Σ the minimal stratum of F . Consider
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the Riemannian manifold (Mˆr(Σ), gˆr) and the foliation Fˆr defined in Theorem 1.2.
Then for each small ǫ > 0 there exists r such that for each qˆ, pˆ ∈ Mˆr(Σ) we have
|d(Lq, Lp)− dˆr(Lˆqˆ, Lˆpˆ)| < ǫ
where p := πˆr(pˆ) and q := πˆr(qˆ).
The proof of Proposition 4.1 will require the next two lemmas.
Lemma 4.2. For each small ǫ > 0 there exists r so that if γˆ : [0, R] → Mˆr(Σ)
is a unit speed minimal horizontal geodesic (with respect to gˆr) then there exists a
piecewise smooth horizontal curve γˆǫ : [0, Rǫ] → Mˆr(Σ) and a partition 0 = τ1 <
. . . < τm = R
ǫ with the following properties:
(a) |lˆr(γˆǫ)− lˆr(γˆ)| < ǫ.
(b) For each [τi, τi+1] one of the following conditions is fulfilled
(1) γˆǫ|[τi,τi+1] is a segment of γˆ and γˆǫ|[τi,τi+1] ∩Tubr(Σˆ) = ∅ or
(2) γˆǫ|[τi,τi+1] is a horizontal geodesic orthogonal to Σˆ or
(3) γˆǫ|[τi,τi+1] ⊂ Σˆ, lˆr(γˆǫ|[τi,τi+1]) = d(Lπˆr(γˆ(τi)), Lπˆr(γˆ(τi+1))).
Proof. Items (c) and (d) of Theorem 1.2 and the fact that M/F and Σ/F are
bounded imply that there existsK > 0 so that, for each r the diameter of Mˆr(Σ)/Fˆr
is lower than K. In particular we have
Claim 1: R < K for each r.
Let ǫ0 be a radius so that if Lp, Lq ⊂ Σ and d(Lp, Lq) < ǫ0 then each minimal
segment of horizontal geodesic that joins Lp to Lq is contained in Σ.
Claim 2: For ǫ1 < ǫ0/3 we can find a small r such that if dˆr(Lˆpˆ, Lˆqˆ) < 2ǫ0/3
and pˆ, qˆ ∈ Σˆ then
|d(Lπˆr(pˆ), Lπˆr(qˆ))− dˆr(Lˆpˆ, Lˆqˆ)| < ǫ1.
In order to prove Claim 2, let βˆ be a minimal segment of horizontal geodesic
that joins Lˆpˆ to Lˆqˆ. It follows from Remark 3.8 that
(4.1) l˜r(πˆr(βˆ)) ≤ lˆr(βˆ).
Given ǫ1 we can find r, that does not depend on βˆ, so that
(4.2) l(πˆr(βˆ)) ≤ l˜r(πˆr(βˆ)) + ǫ1.
In fact the above equation can be proved using Claim 1 and reducing r in such a
way that the distribution D defined in Proposition 3.1 turns out to be close to the
distribution H .
Therefore
d(Lπˆr(pˆ), Lπˆr(qˆ)) ≤ l(πˆr(βˆ))
≤ l˜r(πˆr(βˆ)) + ǫ1
≤ lˆr(βˆ) + ǫ1,
and hence
(4.3) d(Lπˆr(pˆ), Lπˆr(qˆ)) ≤ dˆr(Lˆpˆ, Lˆqˆ) + ǫ1 < ǫ0.
Item (d) of Theorem 1.2, equation (4.3) and the definition of ǫ0 imply
(4.4) dˆr(Lˆpˆ, Lˆqˆ) ≤ d(Lπˆr(pˆ), Lπˆr(qˆ)).
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Equations (4.3) and (4.4) imply
0 ≤ d(Lπˆr(pˆ), Lπˆr(qˆ))− dˆr(Lˆpˆ, Lˆqˆ) ≤ ǫ1
and this conclude the proof of Claim 2.
Now consider a integer N0 such that K < N0
ǫ0
3 and a partition 0 = t0 < · · · <
tN = R so that N ≤ N0 and ti − ti−1 ≤ ǫ03 .
If γˆ|[ti,ti+1] ∩ Tubr(Σˆ) = ∅ then we define γˆǫi := γˆ([ti, ti+1]).
Now assume that γˆ([ti, ti+1]) ∩ Tubr(Σˆ) 6= ∅. We will replace γˆ([ti, ti+1]) by a
piecewise smooth horizontal curve γˆǫi that fulfills item (b) and has length close to
γˆ([ti, ti+1]).
Let ai be the smallest number in [ti, ti+1] such that γˆ(ai) ∈ Tubr(Σˆ) and bi the
biggest number in [ti, ti+1] such that γˆ(bi) ∈ Tubr(Σˆ). Let σˆi and σˆi+1 be the
projection of γˆ(ai) and γˆ(bi) in Σˆ.
By triangle inequality we have
Claim 3: |dˆr(Lˆσˆi , Lˆσˆi+1)− dˆr(Lˆγˆ(ai), Lˆγˆ(bi))| ≤ 2r. In particular for r < ǫ0/6 we
have dˆr(Lˆσˆi , Lˆσˆi+1) < 2ǫ0/3 < ǫ0.
Let βˆi be a minimal segment of horizontal geodesic in Mˆr(Σ) that joins Lˆσˆi to
Lˆσˆi+1 . By item (d) of Theorem 1.2 and Claim 2 we can find a horizontal curve
αˆi ⊂ Σˆ joining Lˆσˆi to Lˆσˆi+1 such that lˆr(αˆi) = d(Lπˆr(σˆi), Lπˆr(σˆi+1)). By Claim 2 we
have
|lˆr(αˆi)− lˆr(βˆi)| < ǫ1.
Claim 3 implies
|lˆr(βˆi)− lˆr(γˆ|[ai,bi])| ≤ 2r.
Therefore
|lˆr(αˆi)− lˆr(γˆ|[ai,bi])| ≤ ǫ1 + 2r.
Let δˆi (respectively δˆi+1) be a segment of horizontal geodesic perpendicular to
Σˆ that joins Lˆσˆi to Lˆγˆ(ai) (respectively Lˆσˆi+1 to Lˆγˆ(bi)).
Define γˆǫi := γˆ([ti, ai]) ∪ δˆ−1i ∪ αˆi ∪ δˆi+1 ∪ γˆ([bi, ti+1]) and note that
|lˆr(γˆǫi )− lˆr(γˆ|[ti,ti+1])| < ǫ1 + 2r + 2r.
Finally setting γˆǫ := γˆǫ1 ∪ · · · ∪ γˆǫN we have
|lˆr(γˆǫ)− lˆr(γ)| < N(ǫ1 + 4r) ≤ N0(ǫ1 + 4r).
Since N0 does not depend on r or γˆ the above equation implies item (a) of the
lemma and this conclude the proof.

Using some arguments of the above lemma we can also prove the next result.
Lemma 4.3. For each small ǫ > 0 there exists r so that if γ : [0, R]→M is a unit
speed minimal horizontal geodesic (with respect to g) then there exists a piecewise
smooth horizontal curve γǫ : [0, Rǫ] → M and a partition 0 = τ1 < . . . < τm = Rǫ
with the following properties:
(a) |l(γǫ)− l(γ)| < ǫ.
(b) For each [τi, τi+1] one of the following conditions is fulfilled
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(1) γǫ|[τi,τi+1] is a segment of γ and γǫ|[τi,τi+1] ∩Tubr(Σ) = ∅ or
(2) γǫ|[τi,τi+1] is a horizontal geodesic orthogonal to Σ or
(3) γǫ|[τi,τi+1] ⊂ Σ, l(γǫ|[τi,τi+1]) = d(Lγ(τi), Lγ(τi+1)).
We are now ready to prove Proposition 4.1. For a small ǫ consider r defined in
Lemmas 4.2 and 4.3.
Let γˆ be a minimal horizontal geodesic that joins Lˆpˆ to Lˆqˆ and γˆ
ǫ the piecewise
smooth horizontal curve defined in Lemma 4.2. Note that l(πˆr(γˆ
ǫ)) = lˆr(γˆ
ǫ). Hence
Lemma 4.2 implies
d(Lp, Lq) ≤ l(πˆr(γˆǫ))
= lˆr(γˆ
ǫ)
< lˆr(γˆ) + ǫ
= dˆr(Lˆpˆ, Lˆqˆ) + ǫ.
Now let γ be a minimal horizontal geodesic that joins Lp to Lq and γ
ǫ the piecewise
smooth horizontal curve defined in Lemma 4.3. By Theorem 1.2 there exists a curve
γˆ in Mˆr(Σ) that joins Lˆpˆ to Lˆqˆ such that lˆr(γˆ) = l(γ
ǫ). Hence Lemma 4.3 implies
dˆr(Lˆpˆ, Lˆqˆ) ≤ lˆr(γˆ)
= l(γǫ)
< l(γ) + ǫ
= d(Lp, Lq) + ǫ.
5. Appendix
In this appendix we recall that if ρ : X → Y is a surjective ǫ/2-isometry between
compact metric spaces, then dG−H(X,Y ) < 3ǫ. In particular, this implies that
Corollary 1.6 follows directly from Theorem 1.5 (see also Burago, Burago and Ivanov
[5]).
We start by recalling the definition and some facts about Gromov-Hausdorff
distance (for details see Petersen [12]).
Definition 5.1. Let X be a metric space and A,B ⊂ X . Then we define the
Hausdorff distance between A and B as dH(A,B) = inf{ǫ : A ⊂ Tubǫ(B), B ⊂
Tubǫ(A)}. Now consider two metric spaces X and Y then an admissible metric
on the disjoint union X ⊔ Y is a metric that extends the given metrics on X and
Y . With this we can define the Gromov-Hausdorff distance as dG−H(X,Y ) =
inf{dH(X,Y ) : admissible metrics on X ⊔ Y }.
It is possible to prove that if X and Y are compact metric spaces then X and Y
are isometric if and only if dG−H(X,Y ) = 0. Since dG−H is symmetric and satisfies
the triangle inequality, the collection of compact metric spaces (M, dG−H) turns
out to be a pseudometric space, and if we consider equivalence classes of isometric
spaces it becomes a metric space. In fact, it is possible to prove that this metric
space is complete and separable.
In what follows we will need a lemma about ǫ-dense subsets. Recall that if X is
a compact metric space, then a finite subset A ⊂ X is called ǫ-dense subset if every
point of X is within distance ǫ of some element in A, i.e., dH(A,X) < ǫ.
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Lemma 5.2 (Petersen [12]). Suppose that we have ǫ-dense subsets
A = {x1, . . . , xk} ⊂ X and B = {y1, . . . , yk} ⊂ Y
with the further property that
|d(xi, xj)− d(yi, yj)| ≤ ǫ, 1 ≤ i, j ≤ k.
Then dG−H(X,Y ) ≤ 3ǫ.
Proposition 5.3. Let (X, dX) and (Y, dY ) be compact metric spaces and ρ : X → Y
a surjective ǫ/2-isometry, i.e.,
(5.1) |dY (ρ(x), ρ(x˜))− dX(x, x˜)| < ǫ/2.
Then dG−H(X,Y ) < 3ǫ, where dG−H is the distance of Gromov-Hausdorff.
Proof. Consider {x1, . . . , xk} an ǫ/2-dense subset of X . Clearly {x1, . . . , xk} is
also an ǫ-dense subset. Now set yi := ρ(xi). Then equation (5.1) implies that
{y1, . . . , yk} is an ǫ-dense subset of Y . Equation (5.1) and Lemma 5.2 then imply
dG−H(X,Y ) < 3ǫ. 
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